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Abstract
Vesicles or biological cells under simultaneous shear and electric field can be encountered in dielec-
trophoretic devices or devices used for continuous flow electrofusion or electroporation. In this work,
the dynamics of a vesicle subjected to simultaneous shear and uniform AC electric field is investigated
in the small deformation limit. The coupled equations for vesicle orientation and shape evolution are
derived theoretically and the resulting nonlinear equations are handled numerically to generate relevant
phase diagrams that demonstrate the effect of electrical parameters on the different dynamical regimes
such as tank-treading (TT), trembling (TR), and tumbling (TU). It is found that while the electric Mason
number (Mn) which represents the relative strength of the electrical forces to the shear forces, promotes
TT regime, the response itself is found to be sensitive to the applied frequency as well as the conduc-
tivity ratio. While higher outer conductivity promotes orientation along the flow axis, orientation along
the electric field is favored when the inner conductivity is higher. Similarly a switch of orientation from
the direction of the electric field to the direction of flow is possible by mere change of frequency when
the outer conductivity is higher. Interestingly, in some cases, a coupling between electric field induced
deformation and shear can result in the system admitting an intermediate TU regime while attaining the
TT regime at high Mn. The results could enable designing better dielectrophoretic devices wherein the
residence time as well as the dynamical states of the vesicular suspension can be controlled as per the
application.
1 Introduction
Vesicles, that are bounded by a lipid bilayer, can acquire a variety of equilibrium shapes such as prolate
and oblate spheroids, discocytes, stomatocytes, etc, a result of minimizing the bending energy for a
prescribed reduced volume. On the other hand, non-equilibrium, dynamical states are observed under
externally applied forces such as hydrodynamic flow or electric field, and have received extensive
attention because of their relevance in bio-microfluidics. Moreover, flow of bio-fluids in organisms
involve flow of vesicle-like objects such as Red blood cells (RBC) amongst others, suspended in an
ambient fluid. An interplay of hydrodynamic and membrane forces as well as forces due to applied
electric or shear fields, determine the shape of these vesicles and influence the surrounding flow field.
A vesicle resists deformation due to external forces, such as viscous stresses due to shear flow,
on account of its membrane fluidity, bending resistivity, and area-incompressibility. A linear shear
flow can be decomposed into two parts: an extensional (symmetric part) and a rotational component
(antisymmetric part). In the case of a vesicle in shear flow, the extensional component causes extension
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and deformation of a vesicle into an ellipsoidal shape, and orients it along the extensional axis of the
flow (making an angle of pi/4 with the direction of flow). On the other hand, the rotational component
(antisymmetric part) provides a rigid body like rotation to the vesicle by applying a torque to it Mader
et al. (2007). Unlike in rigid objects, shear flows can induce tank-treading motion in a membrane bound
vesicle, wherein lipid molecules are transported by the local velocity because of the fluidic nature of the
membrane.
A vesicle under shear flow exhibits various dynamic modes such as tank-treading (TT), trembling
(TR), and tumbling (TU). The existence of each of these regimes depends upon several geometric
as well as flow parameters (such as excess area stored in the membrane of the vesicle, viscosity
contrast across the membrane, and flow capillary number). Influenced by these parameters, a vesicle
can acquire a non-axisymmetric ellipsoidal shape which is inclined at a stationary angle to the flow
direction. The membrane rotates around its fixed ellipsoidal shape and the resulting motion is called
as TT. Beyond a certain viscosity contrast across the membrane, the TT regime is inhibited and a
vesicle shows full periodic rotations (flipping motion) with respect to the direction of shear flow. This
is referred to as the TU mode. An intermediate regime between TT and TU modes, called the TR
mode, is observed wherein a vesicle’s long axis oscillates around the shear direction and undergoes
asymmetric shape deformations in the vorticity direction (also called, vacillating breathing or swinging).
The pioneering theoretical work by Keller and Skalak (1982) on an undeforming, ellipsoidal
shaped RBC in shear flow admitting a non-zero, position dependent surface velocity, showed that
a vesicle can have tank-treading or tumbling motion. The first experimental study on vesicle under
shear flow was conducted by Haas et al. (1997) who observed the TT and the TU regimes. While
the early theoretical studies on vesicles under shear flow, without viscosity contrast, showed a TT
regime, Youhei (1995); Kraus et al. (1996), rigorous numerical studies Biben and Misbah (2003);
Beaucourt et al. (2004) indicated a TT-TB transition. Results of systematic experiments Kantsler and
Steinberg (2005) in the TT regime were found to be in agreement with theory Seifert (1999). The
numerical predictions of TT-TU transition by Biben and Misbah (2003); Beaucourt et al. (2004) were
later experimentally observed by Mader et al. (2006). Kantsler and Steinberg (2006) reported a new
experimental observation in which a vesicle in shear flow trembles around the flow direction with
strong shape fluctuations, which they called as Trembling. This was called as the "swinging state" in
another experimental study Noguchi and Gompper (2007). Later, a theoretical study Misbah (2006)
explained this mode, which was termed as the "vacillating breathing" mode. This coupling of shape and
orientation angle was further studied Vlahovska and Gracia (2007) using a mechanical force balance
approach. These different dynamical states around the TU regime could be qualitatively described by a
2D analytical model Mader et al. (2007).
In the earlier theoretical studies Misbah (2006) the deviation of the vesicle shape from a sphere,
as well as the membrane forces are considered only upto leading order in the capillary number,
a ratio of deforming shear forces to the restoring bending forces. The resulting evolution equa-
tions are independent of the bending rigidity as well as the capillary number, but depend upon the
viscosity contrast and the excess area. An extension of the leading order theory to higher order
corrections in the shape deviation as well as the membrane forces Lebedev et al. (2007); Danker
et al. (2007); Noguchi and Gompper (2007); Lebedev et al. (2008) led to an evolution equation that
exhibited explicit dependence on the capillary number. The expression is more complicated when
higher order hydrodynamic terms are also added Kaoui et al. (2009); Farutin et al. (2010). The
resulting shape evolution equations admit several new dynamical states. These were also investigated
for a vesicle with reduced volume same as RBCs using 3D numerical simulations Farutin and
Misbah (2012). In another numerical study Barrett et al. (2015), vesicle shapes under shear flow
were obtained by using the area difference elasticity (ADE model) and the spontaneous curvature model.
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The detailed phase diagram for vesicle dynamics in shear flow Lebedev et al. (2007) was experi-
mentally verified Deschamps et al. (2009b,a) by conducting a series of experiments in pure shear flow
when there is viscosity contrast across the vesicle ηin/ηex > 1 Deschamps et al. (2009b). This was later
extended to a general shear flow with no viscosity contrast across the vesicle Deschamps et al. (2009a).
It was found that the experimental results Deschamps et al. (2009b,a) were in good agreement with the
theory Lebedev et al. (2007, 2008).
The work on a vesicle under simultaneous shear flow and an applied uniform DC electric field
Schwalbe et al. (2011) exhibited significant effect on the TT and TB dynamics. The electric field
was found to suppress the tumbling dynamics. Since then, there have been at least three works on
understanding the effect of simultaneous shear and DC electric fields using numerical methods, such as
the level set method Kolahdouz and Salac (2015b,a), the immersed boundary method Hu et al. (2016)
and the boundary integral method McConnell et al. (2013) which extend the studies to large deformation
of the vesicle. All these numerical studies found that the TU regime is transformed into a TT regime by
application of strong DC electric fields.
The motivation of the present work is to extend these studies on vesicles under simultaneous shear
and DC electric fields to AC electric fields. DC fields are seldom used in experiments in vesicles, unless
used for electroporation studies. AC dielectrophoresis is commonly used in biotechnological applica-
tions, and in microfulidic devices. It is therefore important to understand the effect of frequency and
magnitude of AC fields on the TT, TR and TU regimes observed in the absence of electric fields. More-
over, the conductivity ratio is known to be critical in shape deformations of vesicles in axisymmetric AC
electric fields. It is therefore expected to non-trivially alter the dynamics of vesicles in combined shear
and AC electric fields as well. Additionally the theoretical analysis of Schwalbe et al. (2011) needs to
be modified to include higher order membrane deformation forces.
2 Mathematical formulation
2.1 Model description
Consider a vesicle of radius R0 such that V = 43piR
3
o with a non-conducting, bilayer membrane, subjected
to linear shear flow (ux = γ˙yeˆx,uy = uz = 0) induced by moving two walls in opposite directions
along the X-axis, here γ˙ is the applied shear rate. The r, θ,Φ directions in the corresponding spherical
coordinates system are the radial position, the azimuthal angle measured from the Z axis towards the
X − Y plane and the polar angle measured anticlockwise from the X axis in the X − Y plane. The
centroid of the vesicle remains fixed at a position where the velocity of the flowing fluid is zero. The
inner and outer regions of the vesicle have different physical properties such as conductivities (σex, σin),
permittivities (ex, in), and viscosities (ηex, ηin). The membrane has a finite thickness of h = 5nm, it is
non-conducting (zero conductance) and has capacitance Cmem = mem/h. The dimensionless ratios of
interest are σr = σin/σex, r = in/ex, η = ηin/ηex. Here subscripts "ex" and "in" represents quantities
outside and inside the vesicle respectively.
An externally applied AC electric field E∞ in the Y direction, with frequency ω acts, on a vesicle
suspended in the fluid. Such a vesicle, under the action of an applied shear flow, can get inclined at an
angle ψ to the direction of shear flow (fig.1), measured anticlockwise, and can show both steady and
unsteady dynamics depending upon the system parameters. This dynamical state is a result of a balance
between shape stabilizing membrane stresses (bending as well as tension stress) and the destabilizing
electric and hydrodynamic stresses.
There are various scales associated with different quantities in the model to non-dimensionalize the
governing equations. All lengths are nondimensionalized by R0, time by inverse shear rate γ˙−1, velocity
3
Figure 1: Schematic of vesicle under AC electric field and shear flow
by R0γ˙, electric field by E0, frequency by γ˙, electric potential by E0R0 and stresses by γ˙ηex. The electric
stresses are of the order exE20, and membrane stresses scale as κb/R
3
0. Under an electric field, relaxation
of bulk charge takes place on a time scale of texc = ex/σext
in
c = in/σin, , interfacial polarization on time
scales tMW = (in + 2ex)/(σin + 2σex), the charging of a capacitive membrane takes place on a time
scale of tmem = R0Cmem( 12 +
1
σr
)/σex, flow induced vesicle deformation takes place on a time scale of
tel = ηex/(exE20) while shape distortion due to extensional part of applied shear take place on a time
scale of tγ˙ = γ˙−1. The shape deformations relax on a time scale of tk = ηexR30/κb.
Several non-dimensional numbers that compare the relative strength of applied stresses thereby
emerge. Flow capillary number, Ca = γ˙ηexR30/κb is the ratio of shape-relaxation time scale (tk) to
shape the shear rate (tγ˙) and the Mason number Mn = exE20/(ηexγ˙) compares the relative strength of
electric and viscous stresses. All equations hereby are presented in non-dimensional form only and no
superscript is used for simplicity and brevity.
2.2 Shear-AC coupled model
Hydrodynamics
The flow is described in the low Reynolds number limit using the vectors spherical harmonics while the
pressure and the electric potentials are expanded in spherical harmonics. As is the practice in modeling
these systems, Seifert (1995, 1999); Finken et al. (2008); Abreu and Seifert (2012); Zabusky et al.
(2011); Levant and Steinberg (2012); Abreu and Seifert (2013) the membrane thermal fluctuations are
ignored. The velocity fields (uin,uex) as well as the pressure fields (pin, pex)) in the inner and outer
regions of the vesicle are given by:
∇pin − ∇2uin = 0 (1)
∇.uin = 0 (2)
and in the inner region and
∇pex − ∇2uex = 0 (3)
∇.uex = 0 (4)
in the outer region. Note that the viscosity ratio is appropriately taken into account in the stress balance.
Hydrodynamic stresses in the inner and outer ( j = in, ex) regions of a vesicle are given by
τhj = −p jI + µ j
[
∇u j + (∇u j)T
]
(5)
where I is the identity matrix and superscript T represents the transpose of the matrix. The traction
vectors on the vesicle surface (at r = 1) are given by
τhin.eˆr = −pineˆr + Zin at r = 1 (6)
4
τhex.eˆr = −pexeˆr + Zex at r = 1 (7)
with
Z j = eˆr.
(
∇u j + (∇u j)T
)
= r
d
dr
(u j
r
)
+
1
r
∇((u j.eˆr)r) (8)
where j = in, ex. Expressions for Zin|r=1,Zex|r=1 along with the final hydrodynamic traction matrices
are provided in appendix-A
Electrostatics
For a vesicle subjected to AC electric field, the expressions for the electric potential in the inner and
the outer regions are given by
φin =Pinr
n=1∑
n=−1
e∞1nY1n (9)
φex =φ
∞ +
Pex
r2
n=1∑
n=−1
e∞1nY1n (10)
where φ∞ = −r ∑n=1n=−1 e∞1nY1n is the externally applied unperturbed electric potential. Here Y1n is the
associated Legendre Polynomial of degree 1 and order n. If the applied electric acts in the velocity
gradient and the vorticity direction then E∞ = E0(αeˆy + βeˆz), where α, β are related to the spherical
harmonic coefficients by e∞10 = β
√
4pi
3 , e
∞
±1 = αi
√
2pi
3 . Unknown coefficients (Pin, Pex) in eq. (9) and (10)
are determined by applying electrostatic boundary conditions at the vesicle surface (at r = 1)
φin − φex =Vmem
n=1∑
n=−1
e∞1nY1n (11)
(1 + iωζ)
dφex
dr
=(σr + iωrζ)
dφin
dr
(12)
−(1 + iωζ)dφex
dr
=iCmemωζVmem
n=1∑
n=−1
e∞1nY1n (13)
here ζ = γ˙texc is a dimensionless parameter introduced since in the electrostatics equations the time as
well as the frequency non-dimensionalization are done using the shear rate and texc is of the order of
10−6 sec.
This yields,
Pin = − 3Cmemζω(−1 + iωζ)−2σr − I(Cmem(2 + σr) + 2(r + σr))ωζ + (2r + Cmem(2 + r))ω2ζ2 (14)
Pex =
(iσr − (Cmem + r + σr −Cmemσr)ωζ + i(Cmem(−1 + r) − r)ω2ζ2)
σr(−2i + (2 + Cmem)ωζ) + ωζ(2(Cmem + r) + i(2r + Cmem(2 + r))ωζ) (15)
Vmem =
3(−i + ωζ)(−iσr + rωζ)
−2σr − i(Cmem(2 + σr) + 2(r + σr))ωζ + (2r + Cmem(2 + r))ω2ζ2 (16)
Here, the normal and tangential electric field components in the inner region are: Ein, ex,r = − dφin, exdr eˆr,
Ein, ex,θ = − 1r dφin, exdθ eˆθ, and Ein, ex,Φ = − 1r sin θ dφin, exdΦ eˆΦ. The induced surface change on the membrane
interface is given by Qc = Re[Eex,r] − rRe[Ein,r], where Re[] represents the real part of the quantity
enclosed in the square bracket, to give
Qc = − 3Cmem(r − σr)(Cmem(2 + σr) + 2(r + σr))ω
2ζ2(β cos θ + α sin θ sin Φ)
4σ2r + (4(Cmem + r)2 + 4C2memσr + (2 + Cmem)2σ2r )ω2ζ2 + (2r + Cmem(2 + r))2ω4ζ4
(17)
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The time-independent electric stress in the r, θ,Φ directions inside as well as outside the vesicle are
τin,ex,r =
1
4
(Ein,ex,rE∗in,ex,r − Ein,ex,θE∗in,ex,θ − Ein,ex,φE∗in,ex,Φ) (18)
τin,ex,θ =
1
4
(E∗in,ex,rEin,ex,θ + Ein,ex,rE
∗
in,ex,θ) (19)
τin,ex,Φ =
1
4
(E∗in,ex,rEin,ex,Φ + Ein,ex,rE
∗
in,ex,Φ) (20)
Here ∗ represents the complex conjugate. We consider only time independent part in this work since
the electric time scales and the frequency of the applied field are considered to be much faster than the
shear rate (typically ω = 500 Hz onwards).
Since the electric stresses are calculated on an undeformed sphere, the net normal and tangential
components of electric stresses at the vesicle surface are
τr =τex,r − rτin,r (21)
τθ =τex,θ − rτin,θ (22)
τΦ =τex,Φ − rτin,Φ (23)
The final expressions for the above resultant stress components are provided in appendix-B in terms
of α, β. Deformation causing normal electric force is obtained by subtracting the isotropic part of the
normal stress (τ0, provided in appendix-B) from τr. Thus τn = τr − τ0Y00(θ,Φ), where Y00(θ,Φ) =
1/
√
4pi and the isotropic part is given by
τ0 =
∫ Φ=2pi
Φ=0
∫ θ=pi
θ=0 τr sin θY00(θ,Φ)∫ Φ=2pi
Φ=0
∫ θ=pi
θ=0 sin θY00(θ,Φ)Y00(θ,Φ)
(24)
The resulting normal ( f En = eˆr.τn) and tangential ( f Et,θ = eˆθ.τθ, f
E
t,Φ = eˆΦ.τΦ) electric tractions are
f En = − N
(
3α2 cos 2Φ sin2 θ +
1
2
(α2 − 2β2)(1 + 3 cos 2θ)
)
eˆr (25)
f Et =S
(
−α2 sin θ sin 2Φ eˆΦ + 12
(
α2(cos 2Φ − 1) + 2β2
)
sin 2θ eˆθ
)
(26)
where
N =
6(σ2r + (2Cmemr + 
2
r + σ
2
r + C
2
mem(1 − 2r + σ2r ))ζ2ω2 + (C2mem(−1 + r)2 + 2Cmemr + 2r )ζ4ω4)
16(4σ2r + (4(Cmem + r)2 + 4C2memσr + (2 + Cmem)2σ2r )ω2ζ2 + (2r + Cmem(2 + r))2ω4ζ4)
(27)
S =
9Cmemω2ζ2(Cmem(r − σr) − σ2r − 2rω2ζ2)
4(4σ2r + (4(Cmem + r)2 + 4C2memσr + (2 + Cmem)2σ2r )ω2ζ2 + (2r + Cmem(2 + r))2ω4ζ4)
(28)
Therefore the total electric traction is f Etot = f
E
n + f Et .
In the specific case of α = 1, β = 0 (for Y-directional electric field), the total membrane traction can
be expressed in terms of vector spherical harmonics by using the identities provided in appendix-C as
f Etot = −
N
2
8 √pi5y202 + 6
√
8pi
15
(y222 + y2−22)
 − S2
−√32pi15 y200
 + S √4pi5 (y220 + y2−20) (29)
Eq. (29) can be written in a more compact way as
f Etot = f
E
n + f
E
t =
m=2∑
m=−2
τE2m2y2m2 +
m=2∑
m=−2
τE2m0y2m0
6
f Etot =(τ
E
2−22y2−22 + τ
E
202y202 + τ
E
222y222) + (τ
E
2−20y2−20 + τ
E
200y200 + τ
E
220y220) (30)
Such that the normal and tangential electric stresses are
τE2−22 = − 2N
√
6pi
5
τE202 = − 4N
√
pi
5
τE222 = − 2N
√
6pi
5
(31)
τE2−20 =S
√
4pi
5
τE200 =S
√
8pi
15
τE220 =S
√
4pi
5
(32)
The net Maxwell stress is τE =
∑
l=2
∑l
m=−l(τ
E
lm0ylm0 + τ
E
lm2ylm2), where τ
E
lm0 and τ
E
lm2 are
tangential and normal electric stresses, respectively. Here another component of tangential stress∑
l=2
∑l
m=−l τ
E
lm1ylm1 is not taken into account since it turns out to be zero.
Membrane mechanics with higher order corrections
The surface of a slightly deformed vesicle is described by
rs = α +
∞∑
l=0
l∑
m=−l
flmYlm (33)
where α is obtained by volume conservation constraint
∫
r3s sin θdθdφ = 4pi which gives
α = 1−∑∞l=0 ∑lm=−l flmYlm/(4pi) while the constraint of area conservation is ∫ r2s/(eˆr.n) sin θdθdφ = 4pi+4
and leads to an excess area stored in the vesicle in the deformed state 4 = ∑∞l=0 ∑lm=−l (l+2)(l−1)2 flmYlm
The membrane stress on the vesicle can be written as
τmem = (−2κb(2H3 − 2KH + ∇2H) + 2σH)eˆr − ∇sσ (34)
where σ = σ0 +
∑∞
l=0
∑l
m=−l σlmYlm with σ0 is uniform membrane tension and σlm is nonuniform mem-
brane tension which varies along the vesicle surface. On taking curvature terms up to second order in
spherical harmonics, the mean curvature is given by
H =1 +
1
2
(l(l + 1) − 2)F(θ, φ) − (l(l + 1) − 1)F(θ, φ)2 (35)
and the Gaussian curvature by,
K =1 + (l(l + 1) − 2)F(θ, φ) − 3(l(l + 1) − 1)F(θ, φ)2 − l(l + 1)F(θ, φ)
(
−l(l + 1)F(θ, φ) − d
2F(θ, φ)
dθ2
)
− cot2 θ csc2 θ
(
dF(θ, φ)
dφ
)2
+ 2 cot θ csc2 θ
dF(θ, φ)
dφ
d2F(θ, φ)
dθdφ
−
(
−l(l + 1)F(θ, φ) − d
2F(θ, φ)
dθ2
)2
− csc2 θ
(
d2F(θ, φ)
dθdφ
)2
(36)
where F(θ, φ) =
∑
l=2
∑l
m=−l flmYlm(θ, φ)
Using these two curvatures (H and K) all other linear/non-linear terms in membrane stress can be
obtained such that the resulting tangential and normal membrane stresses respectively with higher order
correction terms are respectively
τmemlm0 =∇sσ = −Ca−1
√
l(l + 1)
∑
l=2
l∑
m=−l
σlmYlm (37)
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and
τmemlm2 = − 2κb(2H3 − 2KH + ∇2H) + 2σH (38)
Substitution of the curvature terms (eq. 35 and eq. 36) in the eq. 38 gives normal membrane stress for
m = −2, 0, 2 modes as
τmem2−22 =Ca
−1
(
1
14pi
(144
√
5pi f20 f2−2 + 40
√
5pi f20 f2−2σ0) + 4 f2−2(6 + σ0) + 2σ2−2
)
y2−22 (39)
τmem202 =Ca
−1
(
1
14pi
((144
√
5pi + 40
√
5piσ0) f2−2 f22 − (4
√
5pi(18 + 5σ0)) f 220) + 4(6 + σ0) f20 + 2σ20
)
y202
(40)
τmem222 =Ca
−1
(
1
14pi
(144
√
5pi f20 f22 + 40
√
5pi f20 f22σ0) + 4 f22(6 + σ0) + 2σ22
)
y222 (41)
Overall stress balance
The overall tangential stress balance across the vesicle is given by
(τh,exlm0 − ητh,inlm0) + MnτElm0 = τmemlm0 (42)
Similarly the overall normal stress balance is
(τh,exlm2 − ητh,inlm2) + MnτElm2 = τmemlm2 (43)
The tangential stress balance is used to obtain the non-uniform tension terms (σ2−2, σ20, σ22) whereas
the normal stress balance gives normal velocity component (C2−22,C202,C222), provided in appendix-D.
The expressions are derived using the higher order theory for membrane forces.
Dynamic evolution equation with AC-Shear coupling
With higher order corrections in the membrane stress the evolution equations for different deforma-
tion modes when a vesicle is subjected to pure shear flow under electric field is given by Schwalbe et al.
(2011)
d f2m
dt
= i
m
2
f2m + C2m2 (44)
where m = −2, 0, 2 and C2m2 is the normal component of membrane velocity due to contribution from
both pure shear flow and AC electric field induced stresses (detail provided in appendix-E)
C2−22 =CS h2−2 − 24
7pi(6 + σ0) + √5pi(18 + 5σ0) f207pi(32 + 23η)Ca
 f2−2 + MnCel2−2 (45)
C202 =CS h20 +
−168pi(6 + σ0) f20 + 12
√
5pi(18 + 5σ0)( f 220 − 2 f22 f2−2)
7pi(32 + 23η)Ca
 + MnCel20 (46)
C222 =CS h22 − 24
7pi(6 + σ0) + √5pi(18 + 5σ0) f207pi(32 + 23η)Ca
 f22 + MnCel22 (47)
here Csh2m = −im
(
2
√
30pi
32+23η
)
is the contribution from pure shear part, and Cel2m represents electrostatic
contribution. Mn is measure of applied electric field strength relative to the applied shear.
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In terms of inclination angle (ψ), the amplitude of deformation modes can be represented as f22 =
Re−2iψ and f2−2 = Re2iψ with R =
√
A cos θ/2 which measures the deformation. Separation of real and
imaginary parts gives the evolution equations for the inclination angle and the vesicle shape.
dψ
dt
=
4
√
30pi
(32 + 23λ)
cos 2ψ
cos θ
− 1
2
− MnX1 (48)
dθ
dt
= − 8
√
30pi√
A(32 + 23η)
sin θ sin 2ψ +
720
√
A
7
√
10pi(32 + 23η)Ca
cos 3θ + MnX2
where additional terms due to electrostatic contribution are
X1 =
sin 2ψ
2 cos θ
(14
√
pi(3Cel22 + C
el
2−2 + (−Cel22 + Cel2−2) cos 2θ) + 5
√
10
√
A(Cel22 + C
el
2−2
+ (3Cel22 + C
el
2−2) cos 2θ) sin θ)/(28
√
A
√
pi + 5
√
10A sin 3θ) (49)
X2 =
√
2
A
(
Cel20 cos θ +
1
2
√
2
(−3Cel22 + Cel2−2 + (Cel22 + Cel2−2) cos 2θ) cos 2ψ/ sin θ
)
(50)
here the electrostatic contribution Cel2m = (6τ2m2 + 2
√
6τ2m0)/(32 + 23η).
In equation 48, the left hand side term represents the torque due to the rotating vesicle. On the right
hand side, the first term is the torque due to the elongational part which tries to align the vesicle in the
principal direction of the strain rate tensor, the second term is the clockwise torque due to the rotational
part of the mean flow, while the third part is the electrical torque.
Only the l = 2 modes are considered in the analysis since they are excited by the electric and
hydrodynamic stresses, and lead to deformation. The symmetry in the problem implies that only
m = −2, 0, 2 are admitted, where m = ±2 represents the components in the X − Y plane and m = 0
mode corresponds to the axisymmetric mode along the Z-axis. The evolution equations so obtained are
highly non-linear, transcendental differential equations due to the coupling of higher order terms, and
are therefore solved numerically using Mathematica 10.
2.3 Results and discussion
The physics of the tank-treading, trembling and tumbling regimes can be understood as follows.
Consider a rigid spherical object in shear flow, the applied flow can be decomposed into a rota-
tional part which tries to rotate the particle with an angular velocity equal to half the shear rate
(for pure shear flow the extensional strain rate and the rotational vorticity is identical and equal to
half the shear rate), unless it is at rest, and exerts a torque accordingly. The extensional flow part
then generates a stresslet, which in a spherical particle can never exert a net force or a torque due
to symmetry. As a result, a torque free rigid sphere means the sphere rotates with the same angular
velocity (half the applied shear rate), without offering any resistance, thereby leading to a torque balance.
When a rigid ellipsoidal particle is placed in shear flow, it continues to rotate with an angular velocity
half the shear rate. However the extensional flow can exert a torque on an ellipsoidal particle, trying to
align it in the direction of the extensional strain rate, that is 45o to the direction of flow. The dynamics
of the orientation of an ellipsoidal particle can be given by
dψ
dt
= −A + B cos(2ψ), (51)
as suggested by Jeffery (1922). Turns out that for rigid ellipsoids, for reasons to be discussed later, the
magnitude of A is always greater than or equal to B, thereby a steady state solution is never obtained.
Thus an ellipsoidal particle rotates (called tumbling in the vesicles/cells literature) when placed in a
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Figure 2: Pure shear: (a) Tank treading angle vs viscosity ratio and (b) the phase diagram showing
different regimes for viscosity vs capillary number, in the absence of electric field (Mn = 0,Ca = 1,4 =
0.2)
(a) (b)
Figure 3: (a) Transmembrane potential (Vmem, black lines) and interface charge (Qc, red lines) variation
with frequency for σr = 10 (solid) and σr = 0.1 (hollow), (b) Normal stress (N, black lines) and
tangential stress (S , red lines) variation with frequency for σr = 10 (solid) and σr = 0.1(hollow).
(ζ = 10−7,Cmem = 50, r = 1)
shearing flow, since it can not simultaneously admit a tangential velocity in the rotating reference frame
of the particle.
Unlike a rigid ellipsoid, a deformable drop placed in a shear flow, can allow a finite tangential
velocity of the interface (surface), called the tank-treading velocity, even in the reference frame of the
rotating drop Rumscheidt and Mason (1961). This leads to A being less than B and a steady value of ψ
the orientation angle is observed. In this case, the torque exerted by the shear is partially balanced by
the restoring torque of the elongational flow that aligns it at an angle of 450 to the direction of flow, and
partially by the interface velocity in the rotating reference frame.
The case of a vesicle in shear flow is similar to that of a drop, the tangential velocity of the
membrane (tank-treading velocity), helps in reducing the torque due to the applied shear, which is then
balanced by the torque due to the elongational part of the shear flow. The torque exerted by the applied
shear on the deformed ellipsoidal vesicle, increases with an increase in the inner viscosity of the vesicle,
such that the angle of inclination decreases from pi/4 to 0, with an increase in the inner viscosity.
The case of a rigid particle can be envisaged as a limiting case of inner viscosity tending to infinity
(Figure 2). With an increase in the inner viscosity, the torque due to elongational flow weakens, and the
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(a) (b)
Figure 4: Electric torque (T el) on a deformed vesicle in TT state, (a) variation of electric torque with
frequency for σr > 1, σr < 1 (b) electric torque at different inclination angles at Mn = 10, ω = 106 for
σr > 1 and σr < 1; (σr = 10 (solid spheres), σr = 0.1 (hollow spheres), η = 3,Ca = 1, ζ = 10−7, r =
1,4 = 0.2,Cmem = 50)
rotational torque increases such that beyond a critical viscosity ratio, the vesicle no longer tank treads,
but undergoes a tumbling transition. The tank treading velocity in the tumbling regime was shown by
Skalak and Keller Keller and Skalak (1982) to vary as cos 2ψ. In the TT regime, the frequency of the
tank treading velocity is constant such that the tangential velocity varies in the Φ direction Keller and
Skalak (1982) for a given orientation angle ψ . Thus a vesicle undergoes a tank treading to trembling to
tumbling transition as the viscosity of the inner fluid is increased.
It is therefore of interest to understand the effect of electric field on the three dynamical modes of
tank-treading, trembling and tumbling.
The non-dimensional numbers used in this work were obtained using dimensional parameter
values in a range in which most of the pure shear experiments are typically conducted Kantsler and
Steinberg (2005, 2006); Deschamps et al. (2009b,a). A vesicle of size R0 = 10µm is assumed to be
suspended in an another leaky-dielectric fluid, the ratio of their inside/outside fluid properties are r = 1,
σr = 0.1, 10, and η = 1 − 20. These can be considered to represent electrical conductivities of the order
of 1 − 100 × 10−5 S/m, and viscosities varying from 1 − 100 × 10−3 Pa − sec. Typical shear rates of
γ˙ = 0.1sec−1 and frequency of the applied electric field could vary from ω = 1kHz− 10MHz, with elec-
tric field strength (E0) varied in the range of 0.01−1kV/cm. It is assumed that the membrane is insulating
and its non-dimensional capacitance is Cmem = (mem/h)(R0/ex) = 50, the charging of the membrane
then takes place on a time scale of tmem = (R0/σex)Cmem(1/2 + 1/σr) ∼ 10−4 − 10−5 sec while the
Maxwell Wagner charge relaxation time is of the order of tMW = ex/σex(2 + r)/(2 +σr) ∼ 10−6 − 10−7
sec. The flow capillary number Ca = γ˙ηexR30/κb, and the electric Mason number Mn = exE
2
0/(γ˙ηex)
take values in the range of 0.1 − 5.0 and 0.1 − 100, respectively. The analysis is presented for two sets
of conductivity ratios σr = 0.1, 10, representing relative conductivities of the inner fluid to be lower or
higher than the outer, respectively.
The variation of transmembrane potential (Vmem) with frequency is presented in figure 3a. The figure
shows that at very low-frequencies the transmembrane potential is maximum because of the high
impedance of the capacitive membrane that prevents penetration of the field inside. The membrane in
this case is fully charged and the net charge is zero on account of equal positive and negative charges
on either side of the membrane. The variation of potential is sin 2Φ, and is thereby maximum, although
of opposite signs at Φ = pi/2(positive) and Φ = −pi/2 (negative). As the frequency increases beyond
11
(a) (b)
(c)
Figure 5: (a), (b): Variation of inclination angle with strength of applied electric field in TT regime for
σr = 10, and σr = 0.1, respectively; (c) Variation of inclination angle with frequency of applied electric
field in TT regime for σr = 10, σr = 0.1 at electric field strength Mn = 20. (Ca = 1, η = 3).
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the t−1mem, the field penetrates the membrane, a fall in Vmem, and build up of a net positive (σr > 1) or
negative charge ( σr < 1 ) at Φ = pi/2 at the membrane interface, akin to the case of a liquid drop in
electric field is observed. At very high frequencies (> t−1MW) a perfect dielectric response of fluid as well
as membrane is observed and Vmem as well as net charge Qc (on account of zero absolute charge on each
side of the bilayer) tend to zero.
The tangential stresses at low and high frequencies are independent of the conductivity ratio, and
are zero for completely different reasons. At very high frequencies, the membrane is uncharged, while
at very low frequencies, the normal electric field in the outer region, at the membrane interface vanishes,
since the membrane acts like a perfect insulator with very high impedance. The normal stresses at
very high frequencies are independent of σr and identically equal zero due to diminishing contrast of
the electrical parameters. At very low frequencies, the normal electric stress is compressive at Φ = 0,
diminishing towards Φ = pi/2,−pi/2. This can be decomposed into an isotropic compressive pressure
and a tensile force which is maximum at Φ = pi/2 and −pi/2. At intermediate frequencies (> t−1mem and
< t−1MW), depending upon the value of σr, the electric field acting upon the net charge accumulated at the
membrane of a vesicle can result in tangential stresses that can act from Φ = 0 to Φ = pi/2 (σr > 1) or
from Φ = pi/2 to Φ = 0 ( σr < 1). Thus, when σr > 1 the net tensile force on the vesicle deforms it into
a prolate shape while compressive stress acts cause oblate deformation (figure 3b) when σr < 1.
Thus in general, one can observe conductivity ratio σr dependent behavior at intermediate frequen-
cies whereas the behavior should be independent of σr for very high and very low frequencies.
2.3.1 Tank treading regime
A vesicle, under linear shear flow, with viscosity ratio less than a critical value, gets deformed into an
ellipsoidal shape and orients itself by making an angle with the direction of shear flow. The vesicle
shape remains unchanged at that inclination angle while the membrane undergoes a continuous rotation
around its fixed shape, called tank-treading. The inclination angle is modified by the application of an
AC electric field, when a vesicle is in the TT regime. The inclination angle ψ increases with respect to
the direction of flow and reaches its maximum value of ψ = pi/2 when σr > 1 or can decrease to zero
when σr < 1, especially in the intermediate frequency range. The dynamics is decided by the relative
magnitudes of the hydrodynamic, electric, and membrane torques. The electric torque can depend upon
the frequency, electric field and the conductivity ratio.
Figure 4(a) shows the variation of the total electric torque with frequency at ψ = pi/4 in the first
quadrant (in X-Y plane, 0 < ψ < pi/2) for the two conductivity ratios, where the torque is calculated
on a deformed sphere oriented such that 0 < ψ < pi/2), and the electrostatics is determined on an
undeformed sphere. The torque is always anticlockwise (positive) in the first quadrant at all frequencies
for σr > 1, whereas it is clockwise (negative) at intermediate frequencies for σr < 1. Figure 4(b) shows
that at an intermediate frequency (103 < ω < 105), the torque in the first quadrant (0 < ψ < pi/2) is
clockwise (negative) for σr < 1, indicating a tendency to rotate the vesicle along the X direction. On the
other hand for σr > 1, the torque in the first quadrant is anticlockwise (positive), thereby rotating the
vesicle towards the Y axis. The stability of the stationary point ψ = 0 (X axis) for σr < 1 can be seen
from the anticlockwise torque (positive) in the fourth quadrant (3pi/2 < ψ < 2pi). Similarly the ψ = pi/2
is a stable point for σr > 1 and can be seen from the clockwise torque (negative) in the 2nd quadrant
(pi/2 < ψ < pi). The torque in the very low and very high frequencies for both the conductivity ratio is
anticlockwise in the first quadrant thereby favoring ψ = pi/2.
The effect of the electric torque is clearly seen in figure 5(a,b) in the TT regime which shows
the variation of inclination angle (ψ) with the applied field strength for three different frequency
values. Selection of these frequencies are based on the non-dimensional (by the shear rate) membrane
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
(j) (k) (l)
Figure 6: Vesicle orientation under the effect of AC field in shear flow at fixed Mn. (a)-(f): σr = 10,
(g)-(l): σr = 0.1. In each set ω increases as 103, 105, 107 from left to right, η = 3,Mn = 10,Ca = 1, r =
1,4 = 0.2,Cmem = 50
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
(j) (k) (l)
Figure 7: Vesicle orientation under the effect of AC field in shear flow at fixed ω. (a)-(f): σr = 10,
(g)-(l): σr = 0.1. In each set Mn increases as 0.001, 10, 1000 from left to right, η = 3, ω = 107,Ca =
1, ζ = 10−7, r = 1,4 = 0.2,Cmem = 50
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charging time t−1mem ∼ 105. Thus the three values of ω of interest are ω < t−1mem, ω ∼ t−1mem, and
ω > t−1mem. Figure 6 shows the shape of the deformed vesicle as a function of frequency for a given
Mn for σr = 0.1, 10. Similarly, figure 7 shows the shape of a deformed vesicle as a function of Mn at
intermediate frequencies for the two conductivity ratios. A clear dependence of both the shape (prolate
or oblate) and the orientation (near ψ = pi/2 or ψ = 0) can be clearly seen. For σr > 1, (figure 5a), a
vesicle acquires a prolate ellipsoidal shape (figure 7a,b,c) and the inclination angle increases for a given
frequency from a value corresponding to Mn = 0 to its maximum value of pi/2, with the major axis
parallel to the applied electric field. A stronger effect of electric field is seen at intermediate frequencies
when the Maxwell stresses and thereby the electric torques are higher. When σr < 1 (figure 5b), in the
low frequency regime(ω < t−1mem) a vesicle shape remains prolate ellipsoidal (figure 7g) and shows an
increase in inclination angle upto ψ = pi/2 with an increase in Mn. When the frequency ω > t−1mem the
vesicle acquires an oblate ellipsoidal shape (figure 7h, i) and shows a decrement in inclination angle
with Mn for a given frequency, finally attaining a zero inclination angle. Thus the shape- Maxwell
stress coupling leads to interesting dependence of inclination angle on the applied frequency.
The variation of the inclination ange with frequency for a particular value of Mn is shown in figure
5(c) for the σr = 10, 0.1 cases and is exactly similar to that seen for the variation of electric torque with
frequency (figure 4). This confirms that the electric torque determines the inclination angle of a vesicle
in simultaneous shear and electric fields. When σr = 10, the inclination angle remains constant at low
frequency and then start increasing with ω to attain its maximum value at ω = 107. Further increase in
frequency decreases vesicle orientation angle. When σr = 0.1 in the low frequency a prolate spheroidal
shape is seen at low frequency, similar to the case σr = 10. Remarkably when ω is increased, the
inclination angle decreases almost to zero and remains at that orientation for a range of frequency value
105 − 107, beyond which it again increases to a value similar to that seen at σr = 10 (but not shown in
figure 5b).
2.3.2 Trembling-tumbling transition
A vesicle subjected to linear shear flow shows TR as an intermediate regime between TT and TU (Figures
11 and 12 and discussed in detail in the appendix). Figure 8 presents the transition from TR to TU regime
when σr > 1. A vesicle in the TR regime exhibits small oscillations about an average orientation (figure
8a and 8b). The TU motion of a vesicle is characterized by a continuous periodic flipping (figure 8c
and 8d). Both the TR and TU regimes show correspoding shape oscillations apart from orientation
oscillations and rotations respectively Kantsler and Steinberg (2005). When σr < 1 (figure 9), a similar
TR-TU transition is observed. However, the transition for σr < 1 occurs at much higher viscosity ratio
than σr > 1. This is despite the fact that the electric torque is anticlockwise for σr > 1 and vice-
versa for σr < 1. This could be attributed to the higher hydrodynamic torque and a rigid ellipsoid like
behavior for σr > 1 which promotes elongation in the X − Y plane in the first quadrant. The transition
viscosity ratio not only depends upon the conductivity ratio, but is also significantly different than the
transition viscosity ratio in the absence of electric field (Mn = 0). Thus electric field alters the TT-TR-
TU transition of a vesicle in shear flow.
2.3.3 Phase diagram
There is no significant variation in the η − Ca phase diagram (Figures 11,12 presented in the appendix)
with respect to the capillary number, owing to which the dynamics of a vesicle in simultaneous shear
flow and electric fields is best presented in the Mn − ω coordinates. Two viscosity values are selected
such that when Mn = 0 the vesicle either shows TR (η = 10) or TU (η = 12) modes. In each of these
dynamic modes, the effect of Mn and ω is investigated for conductivity ratio σr > 1 and σr < 1.
Case I: σr > 1
In this case the electric torque is always anticlockwise, and is maximum when the t−1mem < ω < t−1MW .
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(a) (b)
(c) (d)
Figure 8: TR to TU transition as a function of time for σr = 10: (a), (b) - TR motion and corresponding
shape defprmation at η = 9.3; (c), (d) - transition from TT to TU motion and corresponding shape
deformation at η = 9.4. (Mn = 0.1, ω = 106,Ca = 1, ζ = 10−7, r = 1,4 = 0.2,Cmem = 50)
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(a) (b)
(c) (d)
Figure 9: TR to TU transition as a function of time for σr = 0.1: (a), (b) - TR motion and corresponding
shape deformation at η = 10.6; (c), (d) - transition from TR to TU motion and corresponding shape
deformation at η = 10.7. (Mn = 0.1, ω = 106,Ca = 1, ζ = 10−7, r = 1,4 = 0.2,Cmem = 50)
Correspondingly, in the low η regime, the anticlockwise torque suppresses the low Mn TR modes into
high Mn TT modes. The transition Mn for TR to TU to TT is lower when t−1memb < ω < t
−1
MW (figure
10a). Similar arguments can be given to explain the TU to TT transition for the higher viscosity contrast
(high η) case (figure 10b).
Case II: σr < 1
When σr < 1 the transition is frequency dependent. In the low viscosity case, at low and
high-frequencies, the transition from TR to TT occurs via the TU mode, similar to the σr > 1 case
(figure 10c,d). However at an intermediate frequency, a TR-TT transition is seen and the TU mode
is suppressed. Figure 10d for the high viscosity case, shows dynamic transitions such that a direct
TR-TU-TT transition is observed at low and high frequencies. In the intermediate frequency range, as
Mn is increased, there is an appearance of TR regime before entering into the TT regime. In all the
cases, an oscillatory relaxation to TT state (long time relaxation) takes place near the TR-TT phase
boundary. An important feature of the σr < 1 case is the transition from the TT(ψ = pi/2) at the low and
high frequencies to the ψ = 0 at intermediate frequencies, especially at high Mn. In the low Mn regime,
the two TT modes differ with the low frequency showing a long tumbling mode is observed in the
dynamics before switching to TT, whereas in the intermediate frequency case, the TT state is attained
instantaneously. The electric torque at these transition frequencies ω = t−1mem and ω = t−1MW changes
sign, and goes through zero, thereby enabling the TR and TU modes in figures 10b and d respectively,
corresponding to the Mn=0 case.
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(a) (b)
(c) (d)
Figure 10: Phase diagram for transition between dynamic states (a) η = 10, σr = 10, (b) η = 12, σr = 10,
(c) η = 10, σr = 0.1, and (d) η = 12, σr = 0.1. TR (yellow region), TT (green region), TT in intermediate
frequency for σr < 1 (purple), TU (blue region) (r = 1,4 = 0.2,Cmem = 50,Ca = 1, ζ = 10−7)
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3 Conclusions
A systematic study on the effect of electric field on the different dynamical modes such as TT, TR
and TU that are commonly observed in a vesicle in shear flow. The electrical parameters of interest
here are the conductivity ratio, the frequency of applied field and the Mason number, apart from the
viscosity contrast between inner and outer fluid. Our study shows that apart from the role of the
electric torque on deciding the dynamical modes of a vesicle in simultaneous electric and shear field, a
complicated coupling between the elongation caused by high Mn can lead to unexpected appearance of
an intermediate TU regime in some cases. The phase diagrams presented here can enable the judicious
use of electrical parameters in either promoting or prohibiting specific dynamical modes. For example,
TU mode may be more desirable if mixing of the vesicles content as well as agitation in the system is
desired. On the other hand, if undisturbed, streamlined flow of vesicles is desired, it might be desirable
to be in the TT regime. We show here that electric field parameters can easily allow enforcing a desired
dynamical mode in such systems. The dynamical modes of a suspension of emulsions, as encountered
say in dielectrophoretic devices, can determine the effective residence time as well as the total possible
suspension density in biotechnological applications involving continuous processing. The present study
in that case would form the basis for more detailed calculations.
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Appendix
A Hydrodynamics
In the low Reynolds number limit, velocity field induced (Vlahovska and Gracia (2007)) in the two
regions are given by the solution of Stokes equation (Lamb (1982))
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where coefficients Cglm0,C
g
lm1,C
g
lm2 are coefficients corresponding to the growing harmonics in the
interior region and Cdlm0,C
d
lm1,C
d
lm2 are decaying harmonic coefficients in the exterior region. These
unknown coefficients are determined by using the velocity continuity, membrane incompressibility
conditions and stress balance at the surface of the vesicle.
C∞lm0,C
∞
lm1,C
∞
lm2 are coefficients associated with the applied unperturbed external flow (when uex =
u∞ ) and they depend on the elongational (s) as well as rotational (Ω) component of applied flow de-
scribed as (for l = 2,m = ±2 mode)
C∞2±20 = ∓2i
(√
pi
5
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C∞2±21 = 0 (55)
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where Ω = s = γ˙/2 for the case of pure shear.
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lm2 are growing and decaying velocity eigen functions for inner and
outer fluid, respectively, defined as (Vlahovska and Gracia (2007))
uglm0 =
1
2
rl−1
(
−(l + 1) + (l + 3)r2
)
ylm0 − 12r
l−1[l(l + 1)]1/2
(
1 − r2
)
ylm2 (58)
uglm1 = r
lylm1 (59)
uglm2 =
1
2
rl−1(3 + l)
(
l + 1
l
)1/2 (
1 − r2
)
ylm0 +
1
2
rl−1
(
l + 3 − (l + 1)r2
)
ylm2 (60)
udlm0 =
1
2
r−l
(
2 − l + lr−2
)
ylm0 +
1
2
r−l[l(l + 1)]1/2
(
1 − r−2
)
ylm2 (61)
udlm1 = r
−l−1ylm1 (62)
udlm2 =
1
2
r−l(2 − l)
(
l
l + 1
)1/2 (
1 − r−2
)
ylm0 +
1
2
r−l
(
l + (2 − l)r−2
)
ylm2 (63)
Here ylm0, ylm1, ylm2 are vector spherical harmonics defined as
ylm0 =
1√
l(l + 1)
∂Ylm
∂θ
eˆθ +
im√
l(l + 1)
Ylm
sin θ
eˆΦ (64)
ylm1 = − m√
l(l + 1)
Ylm
sin θ
eˆθ − i√
l(l + 1)
∂Ylm
∂θ
eˆΦ (65)
ylm2 = eˆrYlm (66)
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with scalar spherical harmonics
Ylm(θ,Φ) =
√
2l + 1
4pi
(l − m)!
(l + m)!
(−1)mPlm(cos θ)eimΦ (67)
A.1 Solution for hydrodynamic stress
The hydrodynamic stress in the interior and exterior ( j = in, ex) region of a vesicle is given by
τhj = −p jI + µ j
[
∇u j + (∇u j)T
]
(68)
where I is the identity matrix and superscript T represents the transpose of the matrix, p and u are
pressure and velocity field, respectively. Normal stress traction exerted on the vesicle surface (at r = 1)
are given by
τhin.eˆr = −pineˆr + Zin at r = 1 (69)
τhex.eˆr = −pexeˆr + Zex at r = 1 (70)
with
Z j = eˆr.
(
∇u j + (∇u j)T
)
= r
d
dr
(u j
r
)
+
1
r
∇((u j.eˆr)r) (71)
where j = in, ex. Expression for Zin|r=1,Zex|r=1 are
Zin =(2C
g
lm1(−1 + l)ylm1 + Cglm2((−6
√
1 + 1/l − 2 √1 + 1/ll + 2 √l(1 + l))ylm0 − 6ylm2)
+ (2Cglm0
√
l(1 + l) + Cglm2(−(1 + l)(2 + l) + l(3 + l)))ylm2 + Cglm0(2(1 − l2 + l(2 + l))ylm0
+ 2
√
l(1 + l)ylm2))/2 (72)
Zex =(−3C∞lm2
√
1 + 1/l + (3
√
l/(1 + l))(Cglm2 −C∞lm2) − (Cglm0 − 2C∞lm0)(1 + 2l))ylm0
+ (C∞lm1l − (2Cdlm1 + C∞lm1) −Cdlm1l)ylm1 + (2Cglm0
√
l(1 + l) − 4Cglm2)ylm2 (73)
The pressure field in each region in terms of growing/decaying harmonics can be expressed as a
solution of Laplace equation (∇2 p = 0)
pin = Ainrlylm2 (74)
pex = A
g
exr
lylm2 + Adexr
−l−1ylm2 (75)
where Ain, A
g
ex, Adex are pressure coefficients obtained by solving momentum equation for interior and
exterior fluid (i.e., ∇p j = µ j∇2u j with j = in, ex). Full expressions are
Ain =
(1 + l)(Cglm0(3 + 2l) −Cglm2(3
√
1 + 1/l +
√
1 + 1/ll +
√
l(1 + l)))√
l(1 + l)
(76)
Agex = −
((3 + 2l)(C∞lm2 + C
∞
lm2l −C∞lm0
√
l
√
1 + l))
l
(77)
Adex =
(
√
l(−1 + 2l)(Cdlm2
√
l + Cdlm0
√
1 + l))
(1 + l)
(78)
The hydrodynamic stress traction acting on the vesicle at inner surface is (from equation 69)
τhin.eˆr|r=λ = (−Ainrlylm2 + Zin)|r=1 (79)
Similarly hydrodynamic stress traction acting at the outer surface of the vesicle is (from equation 70)
τhex.eˆr|r=1 = (−Agexrlylm2 − Adexr−l−1ylm2 + Zex)|r=1 (80)
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Substitution of pressure coefficients (Ain, Adex, A
g
ex) and Z values (Zin,Zex) into the above equations gives
stress traction on the inner and outer surface of the vesicle (at r = 1) due to inner fluid and exterior fluid,
respectively in matrix form as Vlahovska and Gracia (2007)
τhin.eˆr|r=1 =

2l + 1 0 −3
√
l+1
l
0 l − 1 0
−3
√
l+1
l 0 1 +
3
l + 2l

(
Cglm0 C
g
lm1 C
g
lm2
) ylm0ylm1
ylm2
 (81)
τhex.eˆr|r=1 =

1 + 2l 0 −3
√
l+1
l
0 −l + 1 0
−3
√
l+1
l 0 1 +
3
l + 2l

(
C∞lm0 C
∞
lm1 C
∞
lm2
) ylm0ylm1
ylm2
 +

−1 − 2l 0 3
√
l
l+1
0 −2 − l 0
3
√
l
l+1 0 −1 − 2l − 3l+1

(
Cdlm0 C
d
lm1 C
d
lm2
) ylm0ylm1
ylm2
 (82)
This can be further expressed as the tangential hydrodynamic stress inside and outside
τh,inlm0 =
(2l + 1)Cglm0 +
−3 √ l + 1l
Cglm2
 ylm0 (83)
τh,exlm0 =
(4l + 2)C∞lm0 +
−3 √ l + 1l − 3
√
l
l + 1
C∞lm2
 ylm0 + (−2l − 1) Cdlm0 +
3 √ ll + 1
Cdlm2
 ylm0
(84)
while the normal hydrodynamic stress inside and outside are
τh,inlm2 =
−3 √ l + 1l
Cglm0 + (2l + 1 + 3l
)
Cglm2
 ylm2 (85)
τh,exlm2 =
−3 √ l + 1l − 3
√
l
l + 1
C∞lm0 + (4l + 2 + 3l + 3l + 1
)
C∞lm2
 ylm2
+
3 √ ll + 1
Cdlm0 + (−2l − 1 − 3l + 1
)
Cdlm2
 ylm2 (86)
where Clm2 =
√
l(l+1)
2 Clm0
B Resultant normal and tangential Maxwell stress
The net eˆr directional normal electric stress
τr =
1
4
(
Z1 +
Z2
(4σ2r + ζ2(4(Cmem + r)2 + 4C2memσr + (2 + Cmem)2σ2r )ω2 + (2r + Cmem(2 + r))2ζ4Ω4)
)
(87)
where
Z1 =
9C2memrζ
2ω2(1 + ζ2ω2)((α2 − 2β2) cos[2θ] + α(α + 2α cos 2Φ sin θ2 − 4β sin 2Θ sin Φ))
8σ2r + 2ζ2(4(Cmem + r)2 + 4C2memσr + (2 + Cmem)2σ2r )ω2 + 2(2r + Cmem(2 + r))2ζ4ω4
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Z2 =9((−α2 cos Φ2 − β2 sin θ2)(1 + ζ2ω2)(σ2r + (Cmem + r)2ζ2ω2) + αβ(σ2r + ζ2((Cmem + r)2
+ (1 + C2mem)σ
2
r )ω
2 + (C2mem + 2Cmemr + (1 + C
2
mem)
2
r )ζ
4ω4) sin 2θ sin Φ + C2memα
2ζ2ω2
(σ2r + 
2
r ζ
2ω2) sin θ2 sin Φ2 + cos θ2(C2memβ
2ζ2ω2(σ2r + 
2
r ζ
2ω2) − α2(1 + ζ2ω2)
(σ2r + (Cmem + r)
2ζ2ω2) sin Φ2))
The isotropic normal electric stress
τ0 =(3
√
pi(α2 + β2)(−2σ2r + (−4rCmem + C2mem(−2 + r + σ2r ) − 2(2r + σ2r ))ω2ζ2 + (−4Cmemr
− 22r + C2mem(−2 + r + 2r ))ω4ζ4))/(2(4σ2r + (4(Cmem + r)2 + 4C2memσr + (2 + Cmem)2
σ2r )ω
2ζ2 + (2r + Cmem(2 + r))2ω4ζ4)) (88)
The deformation causing net normal electric stress
τn =(3(σ2r + ζ
2(2Cmemr + 2r + σ
2
r + C
2
mem(1 − 2r + σ2r ))ω2 + (C2mem(−1 + r)2 + 2Cmemr + 2r )ζ4ω4)
(−2(α2 − 2β2)(1 + 3 cos 2θ) − 12α2 cos 2Φ sin θ2 + 24αβ sin 2θ sin Φ))/(32(4σ2r + ζ2(4(Cmem + r)2
+ 4C2memσr + (2 + Cmem)
2σ2r )ω
2 + (2r + Cmem(2 + r))2ζ4ω4)) (89)
The net eˆθ and eˆΦ directional tangential electric stress
τθ =
9Cmemζ2ω2(Cmem(r − σr) − σ2r − 2r ζ2ω2)(−α2 + 2β2 + α2 cos 2Φ) sin 2θ
8(4σ2r + ζ2(4(Cmem + r)2 + 4C2memσr + (2 + Cmem)2σ2r )ω2 + (2r + Cmem(2 + r))2ζ4ω4)
(90)
τΦ = − 9Cmemαζ
2ω2(Cmem(r − σr) − σ2r − 2r ζ2ω2) cos Φ(β cos θ + α sin θ sin Φ)
8σ2r + 2ζ2(4(Cmem + r)2 + 4C2memσr + (2 + Cmem)2σ2r )ω2 + 2(2r + Cmem(2 + r))2ζ4ω4
(91)
C Vector spherical harmonics
y200 = −
√
15
32pi
sin 2θ eˆθ (92)
y202 =
1
8
√
5
pi
(1 + 3 cos 2θ) eˆr (93)
y222 + y2−22 =
√
15
8pi
cos 2Φ sin2 θ eˆr (94)
y220 + y2−20 =
√
5
4pi
(cos 2Φ sin 2θ eˆθ − sin 2Φ sin θ eˆΦ) (95)
D Overall stress balance
At the vesicle surface membrane stresses up to second order approximation are balanced by hydrody-
namic stress and electric stress. Thus overall tangential stress balance across the vesicle is given by
(τh,exlm0 − ητh,inlm0) + MnτElm0 = τmemlm0 (96)
Similarly overall normal stress balance
(τh,exlm2 − ητh,inlm2) + MnτElm2 = τmemlm2 (97)
Substitution of tangential hydrodynamic stress (83, 85), electric stress, and membrane stress (37)
into equation (96) gives nonuniform tension acting on the vesicle
σlm = Ca
−C∞lm0 2(2l + 1)√l(l + 1) + C∞lm2 3(2l + 1)l(l + 1) + Clm0 l + 2 + η(l − 1)2√l(l + 1) − Mn τ
E
lm0√
l(l + 1)
 (98)
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which for m = −2, 0, 2 gives
σ2−20 =
Ca(−20C∞2−20 + 5
√
6C∞2−22 + (4 + η)C2−20))
2
√
6
− Mn√
6
τE2−20 (99)
σ200 =
Ca(−20C∞200 + 5
√
6C∞202 + (4 + η)C200))
2
√
6
− Mn√
6
τE200 (100)
σ220 =
Ca(−20C∞220 + 5
√
6C∞222 + (4 + η)C220))
2
√
6
− Mn√
6
τE220 (101)
Solving eq. (97) using normal hydrodynamic stresses (84, 86), electric stress, and membrane stresses
(39, 40, 41) by using membrane incompressibility (Clm2 =
√
l(l + 1)Clm0/2) gives normal velocity com-
ponent in the form
Clm2 = CS hlm +
Γ(σ0)
Ca
flm + MnCellm (102)
For m = −2, 0, 2 modes this equation become
C2−22 =
−24 f2−2(7pi(6 + σ0) +
√
5pi f20(18 + 5σ0)) + 35(
√
6C∞2−20 + 9C
∞
2−22)piCa
7pi(32 + 23η)Ca
+ MnCel2−2 (103)
C202 =
12
√
5pi( f 220 − 2 f2−2 f22)(18 + 5σ0) − 7pi(24 f20(6 + σ0) − 5(
√
6C∞200 + 9C
∞
202)Ca)
7pi(32 + 23η)Ca
+ MnCel20
(104)
C222 =
−24 f22(7pi(6 + σ0) +
√
5pi f20(18 + 5σ0)) + 35(
√
6C∞220 + 9C
∞
222)piCa
7pi(32 + 23η)Ca
+ MnCel22 (105)
where C∞220 = −i
√
pi/5,C∞2−20 = i
√
pi/5,C∞222 = −i
√
2pi/15,C∞2−22 = i
√
2pi/15,C∞200 = 0,C
∞
202 = 0 and
Cel2−2 =
(6τE2−22 + 2
√
6τE2−20)
32 + 23λ
(106)
Cel20 =
(6τE202 + 2
√
6τE200)
32 + 23λ
(107)
Cel22 =
(6τE222 + 2
√
6τE220)
32 + 23λ
(108)
From the above equations uniform tension (σ0) is estimated by the constraint of area conservation
(4˙=0 where over dot represents derivative with respect to time), that is f˙22 f2−2 + f˙20 f20 + f˙2−2 f22 = 0;
here ˙f2−2, ˙f20, ˙f22 expression is provided in appendix-E (eq. E1). This gives
σ0 = − 185 + ((1008
√
pi4) + 28√5pi(6 f20MnP − 2 f20MnS +
√
6 f22(−5i + 3MnP − MnS )+
√
6 f2−2(5i + 3MnP − MnS ))Ca − 35
√
pi(5(
√
6C∞200 + 9C
∞
202) f20Ca))/(300
√
5 f20( f 220
− 6 f2−2 f22) − 4204
√
pi) (109)
E Evolution equation
By using equation 102, the final evolution equation is of the form (with ω = 1)
d flm
dt
= i
m
2
ω + Clm2 (110)
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Substituting σ0 from eq. 109 into eq. 110 gives final evolution with higher order membrane
correction as
d f2−2
dt
= − i f2−2 + Csh2−2 + Cel2−2Mn + 2 f2−2((−7pi(32 + 23η) − 115 f20
√
5piη − 10)(Csh2−2 f22 + Csh22 f2−2
+ (Cel20 f20 + C
el
2−2 f22 + C
el
22 f2−2)Mn)Ca − 16 f20
√
5pi(−94 − 9 f 220 + 54 f22 f2−2))/(Ca(74pi
− 5 f 20( f 220 − 6 f22 f2−2)
√
5pi)(32 + 23η)) (111)
d f20
dt
=2 f 20pi((−224 − 161η)(Cel20 f20 + Cel2−2 f22 + Cel22 f2−2)CaMn + 144( f 320 − 6 f20 f22 f2−2)
√
5/pi
− (Csh2−2 f22 + Csh22 f2−2)(32 + 23η)Ca) + ( f 220 − 2 f22 f2−2)
√
5pi(−1444 + 5Ca(Csh2−2 f22+
Csh22 f2−2 + (C
el
20 f20 + C
el
2−2 f22 + C
el
22 f2−2)Mn)(32 + 23η)) (112)
d f22
dt
=i f22 + Csh22 + C
el
22Mn + 2 f22((−7pi(32 + 23η) − 115 f20
√
5piη − 10)(Csh2−2 f22 + Csh22 f2−2
+ (Cel20 f20 + C
el
2−2 f22 + C
el
22 f2−2)Mn)Ca − 16 f20
√
5pi(−94 − 9 f 220 + 54 f22 f2−2))/(Ca(74pi
− 5 f 20( f 220 − 6 f22 f2−2)
√
5pi)(32 + 23η)) (113)
F Effect of Mn and ω on the η −Ca phase diagram
Phase diagrams in figure 11 and 12 show the transition between TT-TU, TT-TR, and TR-TU modes for
σr > 1 and σr < 1, respectively. In both cases the study is limited to capillary numbers up to Ca = 1
only. Beyond that nonlinear hydrodynamic corrections are important which are not considered in this
work. Also for both the conductivity ratio cases, results show deviation from pure shear results and
the system loses its character of Ca number independent TT-TR and TR-TU transition. A clear shift is
seen in the TT-TR, TR-TU phase transition boundaries such that the η value at which TT-TR, TR-TU
takes place depends upon flow capillary number. The analysis was conducted for three values of Mn,
0.01, 0.1, and 1. With an increase in Mn the boundary separating the two regimes especially TT-TR and
TR-TU shows a narrowing of TR region, and lower transition viscosity which is frquency dependent. In
all these transitions (a) to (i) TT-TU transition value is fixed at around η = 7.4 for a given excess area of
4 = 0.2.
Figure 12 shows a similar study for σr < 1 case. Low-frequency behavior is same as for σr > 1
case and TR regime gets suppressed with an increase of Ca. At intermediate frequency TT-TR and
TR-TU transition boundaries are pushed to higher η with an increase in the capillary number, as the Mn
is increased from 0.01 to 1. This also shows widening of TR regime with Ca. Moreover for all the three
Mn values, high-frequency phase diagrams coincide with pure shear phase diagram, unlike σr > 1 case.
The results are a bit counterintutive. One would have expected that a high anticlockwise torque (at
high Mn) for σr > 1 would have delayed the TT-TU transition. Similarly a clockwise torque would
have hastened the TT-TU transition for σr < 1. We postulate that for σr > 1, a prolate shape is favored
by a high Mn. This in turn increases the anti-clockwise torque due to the Ca thereby admitting lower
transition viscosity as the capillary number is increased. On the other hand for σr < 1 at intermediate
frequencies, the ψ ∼ 0, whereby an increase in capillary number decreases the deformation of the vesicle,
leading to an increase in the transition viscosity (equation 48).
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
Figure 11: Phase diagram of transition in dynamic states (TT-green region, TR-yellow region, TU-blue
region) for σr = 10. (a)-(c): Mn = 0.01, (d)-(f): Mn = 0.1, and (d)-(f): Mn = 1. In each set ω varies as
102, 105, 107. (4 = 0.2,Cmem = 50, ζ = 10−7)
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
Figure 12: Phase diagram of transition in dynamic states (TT-green region, TR-yellow region, TU-blue
region) for σr = 0.1. (a)-(c): Mn = 0.01, (d)-(f): Mn = 0.1, and (d)-(f): Mn = 1. In each set ω varies as
102, 105, 107. (4 = 0.2,Cmem = 50, ζ = 10−7)
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